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Boundary conditionsThe present paper addresses the problem of establishing the boundary conditions of a geometrically non-
linear thin shell model, especially the kinematic ones. Our model is consistently derived from general 3D
continuum mechanics statements. Generalized cross-sectional strains and stresses are based on the
deformation gradient and the ﬁrst Piola–Kirchhoff stress tensor. Since only the bending deformation is
included in this model, no special technique needs to be adopted in order to avoid shear-locking. The the-
ory is derived in such a way that any material model can be considered as a constitutive relation, once the
zero transverse normal stress assumption is properly taken into account.
Special attention is given to the question of devising the appropriate shell boundary conditions. Several
parameters are proposed to characterize the boundary rotation for an arbitrary spatial shell conﬁgura-
tion. The appearance of corner concentrated forces, related to jumps of torsion moments, is captured
and justiﬁed.
A weak form of the equilibrium is presented, which is suitable for implementation by means of any
numerical technique that provides C1 continuity approximation. It is prone to be used with both interpo-
lative, like the Finite Element Method, and non-interpolative methods, like the Element-Free Galerkin
Method. The latter is used to exemplify the proposed approach.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
In the last decades, several nonlinear thin shell theories have
been proposed by various authors. Remarkable attempts of con-
structing a nonlinear thin shell model were made in the classical
texts of Novozhilov (1953), Koiter (1966) and Naghdi (1972), fol-
lowed by the fundamental contributions of Pietraszkiewicz (1977,
1980, 1989). These works settled the grounds for the recent signiﬁ-
cant theoretical advances of Libai and Simmonds (1998) and Ciarlet
(2000). Despite of being rigorous and profound, theses approaches
were based on the differential theory of surfaces that required very
speciﬁc C1 approximation techniques for its numerical implementa-
tion. The absence of the latter precluded theuse of thenonlinear thin
shell theories for the solution of engineering problems and reori-
ented researchers in the direction of shear deformable approaches,
whose implementation requires just C0 continuity, e.g., the geomet-
rically exact shell model of Simo and Fox (1989). The work was so
profound and detailed, covering small and large (Simo et al., 1990)deformations, statics and dynamics (Simo et al., 1992), linear and
plastic (Simo and Kennedy, 1992) materials, that it became a start-
ing reference point for lots of researchers (Ibrahimbegovic´, 1994;
Campello et al., 2003; Bischoff and Ramm, 1997). However, ﬁrst
shear deformable approaches suffered from some naturally arising
issues, like the absence of the drilling degree of freedom and the
appearance of shear locking for certain numerical solution proce-
dures. The treatment of these two limitations gave rise to the devel-
opment of several numerical techniques (Hughes and Brezzi, 1989;
Fox and Simo, 1992; Liu et al., 2000; Bischoff and Ramm, 1997)
aimed to overcome those deﬁciencies without compromising the
efﬁciency. We remark that both Reissner–Mindlin and Kirchhoff–
Love formulation suffer from the membrane locking phenomena
and the presented model is not an exception.
Once advanced discretization techniques, which are able to con-
struct arbitrarily continuous approximations, came to light, the
researchers’ attention has been switched to the Kirchhoff–Love the-
ory. The work of Krysl and Belytschko (1996), where a meshless
approach for linear thin shells had been proposed, became one of
the pioneering manuscripts in this ﬁeld. This was later extended
to the nonlinear case (Rabczuk et al., 2007). Arroyo and colleagues
developed a maximum entropy approximation technique (Arroyo
Fig. 1. Shell description and basic kinematic quantities.
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problems, efﬁciently handling complicated geometries (Millán
et al., 2011, 2013). Cirak and co-workers successfully constrained
Simo’s thick shell theory to obey Kirchhoff–Love assumption and
applied a subdivision surfaces technique (Reif, 1995) to construct
a suitable approximation (Cirak et al., 2000; Cirak and Ortiz,
2001). The method was later extended to the case of non-manifold
structures (Cirak and Long, 2011). At the same time isogeometric
concepts (Hughes et al., 2005) have been adapted by Bletzinger’s
research group to the nonlinear thin shells problems with both
smooth (Kiendl et al., 2009) and non-smooth (Kiendl et al., 2010)
geometries. The isogeometric approach has also been recently suc-
cessfully applied to shear deformable shells (Dornisch et al., 2013).
Extremely popular nowadays, discontinuous Galerkin formulation,
that, in fact, ensures C1 continuity only in a weak sense by interface
terms, also found its place in a growing ﬁeld of geometrically exact
Kirchhoff–Love applications (Becker and Noels, 2013).
Regardless of all these advances in nonlinear thin shells analy-
sis, most of the mentioned papers were focused on implementation
and practical applications and obscured certain theoretical issues
arising in any Kirchhoff–Love model. For instance, the imposition
of boundary conditions in most works is performed in an ad hoc
way, extrapolating the behavior of linear thin plates to the geomet-
rically exact shells case (Rabczuk et al., 2007; Millán et al., 2011;
Kiendl et al., 2009). In the authors’ opinion, a demand on a strict,
clear and consistent theory for thin shells kinematics description
became evident by now, and an attempt to construct one is per-
formed in the present work.
The approach proposed herein, whose preliminary statements
were announced in Tiago et al. (2008) and later detailed in
Pimenta et al. (2010), is formulated from complete 3D nonlinear
continuum mechanics by introducing the following kinematic and
static restrains: the Kirchhoff–Love assumption and the zero trans-
verse normal stress condition. A mapping procedure is adopted to
deﬁne the initial geometry. The boundary conditions, both static
and especially kinematic, are detailed. Attention is given to the def-
inition of the boundary rotation description — several parameters,
applicable for various cases of boundary behavior, are proposed.
The necessity of pointwise corner kinematic restraints is stressed
for the correct imposition of the kinematic boundary conditions.
The outline of the paper is as follows. Section 2 presents the
basic ideas of the model and its generalized cross-sectional strain
and stress measures. The adopted parameterization is based on
Pimenta and Campello (2009), which avoids the use of curvilinear
coordinates and covariant derivatives. The shell internal and exter-
nal powers and the resultant variational formulation are discussed
in Section 3. Section 4 details the behavior of the shell on the
boundary and clariﬁes the arising static and kinematic conditions.
The complete augmentedweak form, suitable for both conventional
ﬁnite element and hybrid models, is ﬁnally rendered in Section 5.
The usage of the derived boundary parameters is demonstrated in
Section 6, where two numerical examples are presented.
Throughout the text, italic Greek or Latin lowercase letters
a; b; . . . c;a; b; . . . cð Þ denote scalars, bold italic Greek or Latin lower-
case letters a;b; . . . c;a; b; . . . cð Þ denote vectors and bold italic Greek
or Latin capital letters A;B; . . . c;C;K; . . . cð Þ denote second-order
tensors in a three-dimensional Euclidean space. Summation con-
vention over repeated indices is adopted in the entire text, whereby
Greek indices range from1 to2,while Latin indices range from1 to3.
2. Geometrically nonlinear thin shell model
2.1. Kinematics
Consider a shell, depicted in Fig. 1, where three conﬁgurations
are represented: reference Xr , initial Xo and current X. For eachconﬁguration the corresponding orthonormal right-handed coordi-
nate systems eri ; e
o
i and ei can be deﬁned. The reference conﬁgura-
tion Xr  R2 is considered to be plane and bounded by contour
Cr ¼ @Xr , which can be divided into static Crt and kinematic Cru
boundaries, such that Crt [ Cru ¼ Cr and Crt \ Cru ¼ ;. The shell vol-
ume is identiﬁed by Vr and Hr ¼ ½hrb;hrt  denotes the shell thick-
ness, both in the reference conﬁguration. Obviously, the total
shell thickness in the reference conﬁguration is hr ¼ hrb þ hrt .
The unit vectors era are located on the reference middle plane of
the shell and er3 is orthogonal to the latter. The position of the shell
material points in the reference conﬁguration can be described by
n ¼ fþ ar ; ð2:1Þ
where f ¼ naera deﬁnes coordinates of the point over the middle
plane and ar ¼ fer3 is the normal director (here na 2 Xr and f 2 Hr).
In the initial conﬁguration the coordinates of the material
points are similarly given by
xo ¼ zo þ ao; ð2:2Þ
where zoðfÞ describes the position of the middle surface prescribed
over the initial mapping and ao ¼ Q oar is the normal vector to the
mapped mid-surface.
The displacement ﬁeld of the shell mid-surface is described
through vector u. According to Fig. 1 the location of the material
points in the current conﬁguration is
x ¼ z þ a; ð2:3Þ
where z describes the position of the middle surface as z ¼ zo þ u
and its normal vector is given by
a ¼ Qar ð2:4Þ
being Q the total rotation tensor, which combines two consecutive
rotations, initial and effective ones, i.e. Q ¼ Q eQ o. Note that (2.4)
excludes thickness deformations, however, they could be incorpo-
rated as done in various nonlinear thick shell models (Brank et al.,
2002; Pimenta et al., 2004; Klinkel et al., 2008).
To compute the rotation tensor Q , the following local orthogo-
nal system axes ei in the current conﬁguration should be
introduced:
e1 ¼ z;1kz;1k ; e2 ¼ e3  e1 and e3 ¼
z;1  z;2
kz;1  z;2k ; ð2:5Þ
where the comma indicates the differentiation with respect to the
coordinates na. Based on these deﬁnitions, the total rotation tensor
can be expressed by
Q ¼ ei  eri : ð2:6Þ
Deﬁnition (2.6) is a crucial part of the proposed theory, since it is
precisely the one that explicitly incorporates by means of (2.4)
the Kirchhoff–Love assumption in the shell model.
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z;a ¼ zo;a þ u;a and z;ab ¼ zo;ab þ u;ab ð2:7Þ
while the time derivatives are _z ¼ _u and _z;a ¼ _u;a, since _zo ¼ o and
_zo;a ¼ o. A spin tensor related to the rotation tensor Q is deﬁned as
X ¼ _QQ T ¼ _ei  ei: ð2:8Þ
The accompanying spin vector, i.e. the axial vector of tensor X, is
expressed as
x ¼ axial Xð Þ ¼ Ca _u;a ð2:9Þ
with
C1 ¼ e1  z;1ð Þ1 E1  e1  z;2ð Þ e2  z;2ð Þ1 e1  e3ð Þ
h i
; ð2:10aÞ
C2 ¼ e2  z;2ð Þ1 e1  e3ð Þ; ð2:10bÞ
where E1 ¼ skew e1ð Þ. Deﬁnitions (2.8) and (2.9) lead to
_Q ¼ skew Ca _u;að ÞQ , whose multiplication by a constant vector t
renders
_Qt ¼ skew Ca _u;að ÞQt ¼ XQt ¼ x Qt: ð2:11Þ
Expression (2.11) can be also rewritten in terms of variation d as
dQt ¼ skew Cadu;að ÞQt ¼ skew Qtð ÞCadu;a: ð2:12Þ2.2. The total and effective deformation gradient
The generalized cross-sectional strain measures are derived
from the general solid mechanics statements. To this end, the total
deformation gradient F is constructed:
F ¼ @x
@n
¼ z;a þ Q ;aQ Ta
 
 era þ e3  er3
¼ Q I þ gra þ jra  ar
   era ; ð2:13Þ
where the back-rotated strain measures
gra ¼ Q Tz;a  era and jra ¼ Q TCbz;ab; ð2:14Þ
which represent the shell stretches and curvatures, are introduced.
Vectors (2.14) can be merged into generalized strain vectors
cra ¼ gra þ jra  ar; ð2:15Þ
which lead to the following total back-rotated deformation
gradient:
Fr ¼ I þ cra  era: ð2:16Þ
Vectors (2.15), due to the imposed Kirchhoff–Love assumption, pos-
sess the following property:
cra  er3 ¼ gra  er3 þ jra  ar  er3
¼ Q Tz;a  er3  era  er3 þ ar  er3  jra ¼ 0: ð2:17Þ
By superimposing an additional rigid body motion on the cur-
rent conﬁguration as zþ;Qþ
  ¼ Nz þ c;NQð Þ, where c and N are
arbitrary constant displacement vector and rotation tensor ﬁelds,
respectively, we may prove that the introduced strain measures
(2.14) are insensitive to the latter and, in this sense, fulﬁll the
objectivity paradigm.
The extraction of the effective deformation gradient Fe, related
to the generalized effective strains cera , is now required to ensure
the initial conﬁguration, rendered by means of mapping zoðfÞ, is
stress-free. The total deformation gradient (2.13) can be computed
as a combination of the initial and the effective ones, i.e.
F ¼ @x
@xo
@xo
@n
¼ FeFo; and thus Fe ¼ FFo1: ð2:18ÞOnce the initial mapping zoðfÞ is deﬁned, the evaluation of the
inverse Fo1 can easily be performed. The reader is referred to
Campello et al. (2003) and Pimenta and Campello (2009) for more
details.
2.3. The total and effective generalized stresses
Consider the ﬁrst Piola–Kirchhoff stress tensor and its back-
rotated counterpart
P ¼ si  eri and Pr ¼ sri  eri ¼ Q TP; ð2:19Þ
where si are the spatial and sri are the back-rotated stress vectors
that act on the planes, whose normals are eri at the reference
conﬁguration.
The following cross-sectional resultants can be introduced by
integration of the stresses si along the thickness:
na ¼
Z
Hr
sa dH
r and ma ¼
Z
Hr
a sadHr ; ð2:20Þ
along with their back-rotated counterparts, insensitive to superim-
posed rigid body motions:
nra ¼ Q Tna and mra ¼ Q Tma: ð2:21Þ
Here nra and m
r
a are the generalized forces and moments, respec-
tively. Note that
ma  e3 ¼
Z
Hr
a sa  e3 dHr ¼ 0; ð2:22Þ
which is a consequence of the introduced Kirchhoff–Love assump-
tion. Likewise the generalized strains, quantities (2.21) along with
the underlying stresses sri are also objective.
Similarly to the effective deformations, the effective generalized
stresses sei and s
er
i can be extracted from the total values, thus ren-
dering the corresponding effective ﬁrst Piola–Kirchhoff stress
tensors
Pe ¼ sei  eoi and Per ¼ seri  eoi ; ð2:23Þ
energetically conjugate to the corresponding deformation gradients
Fe and Fer .
The relation of the effective stresses seri and the corresponding
strain measures cera is deﬁned by the considered constitutive law.
Any material (not necessarily elastic), which obeys the zero trans-
verse normal stress condition
se3  e3 ¼ 0 () ser3  er3 ¼ se33 ¼ 0 ð2:24Þ
can be embedded in the constructed shell model. A common prac-
tice (Campello et al., 2003) is to alter a conventional neo-Hookean
material functional (Simo and Hughes, 1998) in accordance with
the requirement (2.24). Additionally, this constitutive relation also
agrees with the innate powerlessness of the transversal shear stres-
ses in the developed thin shell formulation, nullifying the corre-
sponding components of sea, i.e.
sea3 ¼ sea  e3 ¼ sera  er3 ¼ 0; ð2:25Þ
thus introducing the classical plane stress condition into the mate-
rial model.
3. Variational formulation of the problem
3.1. Internal power
The velocity gradient of the transformation (2.13) can be
obtained by
_F ¼ _QFr  ¼ _QFr þ Q _Fr ¼ XF þ Q _cra  era : ð3:1Þ
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_cra ¼ _gra þ _jra  ar; ð3:2Þ
whose components are
_gra ¼ _Q Tz;a þ Q T _z;a ¼ Q T dabI þ Z;aCb
 
_u;b; ð3:3aÞ
_jra ¼ Q T Cb;a _u;b þ Cb _u;ba
 
; ð3:3bÞ
where dab is the Kronecker-delta tensor, Z;a ¼ skew z;að Þ and the
derivatives Cb;a can be obtained directly from (2.10).
The internal power per unit reference conﬁguration volume
may be written as
JoPe : _Fe ¼ P : _F ¼ sra  _cra ¼ sra  _gra þ ðar  sraÞ  _jra: ð3:4Þ
For the developed model both sr3 and s
r
a  er3 reveal powerless, i.e.
multiplied by zero counterparts — the former due to absence of
the through-the-thickness deformations and the latter thanks to
the Kirchhoff–Love assumption. Recalling that dVo ¼ Jo dVr and
using (3.4), the total internal power follows as
Pint ¼
Z
Vo
Pe : _Fe dVo ¼
Z
Xr
rra  _era dXr ; ð3:5Þ
where the generalized back-rotated cross-sectional quantities were
collected into vectors
rra ¼
nra
mra
 
and era ¼
gra
jra
 
: ð3:6Þ1 In order to provide a weak form suitable for both interpolative and non-
interpolative approximations, we do not attach to (3.14) the usual requirement
dujCru ¼ o and include as well the reactions from the kinematic boundary bqCru in the
external virtual work.3.2. External power
A complete set of valid loading possibilities, deﬁned in the ini-
tial conﬁguration, can be recast onto the reference one as:
(i) tt and tb are the top and bottom surface traction per unit
area,
(ii) tl is the distributed tractions per unit area along the lateral
surface,
(iii) br is the reaction on the kinematic boundary, which is phys-
ically the tractions per unit area,
(iv) b is the body force per unit volume, thus forming the exter-
nal power expression
Pext ¼
Z
Xr
tt  _xþ tb  _xþ
Z
Hr
b  _xdHr
 	
dXr
þ
Z
Crt
Z
Hr
tl  _xdHr dCrt þ
Z
Cru
Z
Hr
br  _xdHr dCru: ð3:7Þ
Using the spin vector deﬁnition (2.9), we may obtain a time
variation of (2.3), i.e. _x ¼ _uþx a, so that expression (3.7), after
gathering the ﬁrst-order displacements derivatives into the vectored ¼ ½u u;1 u;2T , results in
Pext ¼
Z
Xr
qX
r  _eddXr þ Z
Crt
qC
r
t  _eddCrt þ Z
Cru
bqCru  _eddCru; ð3:8Þ
where the following cross-sectional forces
nX
r ¼ tt þ tb þ
Z
Hr
bdHr ;
nC
r
t ¼
Z
Hr
tldHr; bnCru ¼ Z
Hr
br dHr ð3:9Þ
and moments
mX
r ¼ at  tt þ ab  tb þ
Z
Hr
a bdHr;
mC
r
t ¼
Z
Hr
a tl dHr; cmCru ¼ Z
Hr
a br dHr; ð3:10Þboth per unit length of the reference conﬁguration, have been
introduced. These are gathered in the vectors
qX
r ¼
nX
r
lX
r
1
lX
r
2
264
375; qCrt ¼ n
Crt
l
Crt
1
l
Crt
2
264
375; bqCru ¼ bn
CrublCru1blCru2
264
375 ð3:11Þ
along with the corresponding pseudo-moments
lX
r
a ¼ CTamX
r
; l
Crt
a ¼ CTamC
r
t ; blCrua ¼ CTacmCru : ð3:12Þ3.3. The weak form
In view of expressions (3.5) and (3.8), the internal and external
virtual works on domain Xr are given, respectively, by
dW int ¼
Z
Xr
rra  dera dXr ; ð3:13aÞ
dWext ¼
Z
Xr
qX
r  deddXr þ Z
Crt
qC
r
t  deddCrt þ Z
Cru
bqCru  deddCru:
ð3:13bÞ
The virtual work theorem is then applied1:
dW ¼ dW int  dWext ¼ 0 in Xr ; 8du: ð3:14Þ
Simplifying dW int, performing a set of consecutive integrations by
parts on the arising domain terms ma  Cbdu;b
 
;a and na  du;a and
invoking the divergence theorem (Bonet and Wood, 2008) we
may reduce the weak form (3.14) to

Z
Xr
na;a þ nXr
 
 dudXr
þ
Z
Crt
CTb m
C mCrt
 
 du;b
h
þ nC  nCrt
 
 du
i
dCrt þ
Z
Cru
CTb m
C cmCru   du;bh
þ nC  bnCru   duidCru ¼ 0; ð3:15Þ
where the boundary resultants of generalized forces and moments
on Cr , whose outward normal is mr ,
nC ¼ mr  era
 
na and mC ¼ mr  era
 
ma ð3:16Þ
have been deﬁned. A detailed derivation from (3.15) of the corre-
sponding Euler–Lagrange equations can be found in Pimenta et al.
(2010), where a neat formula for the calculation of the shear forces
is displayed.
The following boundary integral, that contains the projection of
the internal domain components,
dWC
r
int ¼
Z
Cr
lCb  du;b þ nC  du
 
dCr ð3:17Þ
with pseudo-moments lCb ¼ CTbmC, is extracted from (3.15) for the
forthcoming deduction the boundary conditions.
4. Boundary conditions
4.1. Boundary coordinate system
The weak form (3.14) can be directly used for the solution of
the problem if the property dujCru ¼ o is fulﬁlled. It leads to a
Fig. 2. Boundary coordinate system in the current conﬁguration, tractions and
resultant moments.
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tions are introduced by the external virtual work (3.13b) and the
essential boundary conditions are enforced by restraining certain
nodal degrees of freedom. However, the developed weak form
(3.14) also holds when dujCru – o. In this case, the extra weak
constraintZ
Cru
dbqCru  ed  ed 	dCru ¼ 0 ð4:1Þ
must be imposed. An attempt to weakly prescribe certain compo-
nents of the boundary vector ed leads to unstable solution schemes,
since the derivatives u;b are not totally independent from the dis-
placements. Therefore, some other set of boundary parameters, free
from any mutual linear dependencies, has to be introduced to com-
pletely deﬁne boundary behavior.
Let a local orthogonal system at the boundary Cr in the refer-
ence conﬁguration be expressed by eCri ¼ sr ; mr ; er3

 
,2 where mr is
the outward inplane normal and sr ¼ mr  er3 is the tangent to the
boundary Cr . The derivatives of an arbitrary vector t along the tan-
gent to the boundary and along its outward normal are given by
t;s ¼ sr  erb
 
t;b and t;m ¼ mr  erb
 
t;b; ð4:2Þ
respectively, therefore, we may write
z;s ¼ zo;s þ u;s and z;m ¼ zo;m þ u;m: ð4:3Þ
Along with the local axes eCri in the reference conﬁguration, it is
possible to introduce a local boundary orthogonal system in the
current conﬁguration eCi ¼ s; m; e3f g, see Fig. 2, where
s ¼ z;skz;sk ; m ¼ e3  s and e3 ¼
z;s  z;m
kz;s  z;mk : ð4:4Þ
Note that s ¼ QCsr; m ¼ QCmr and e3 ¼ QCer3, where
QC ¼ s sr þ m  mr þ e3  er3 ð4:5Þ
is the corresponding boundary rotation tensor. Now the unit vector
s is material, i.e. it is permanently tangent to the material ﬁber
along the boundary.
By referring to (2.9) the boundary spin vector xC ¼
axial _QCQCT
 
, after some algebra, can be expanded into
xC ¼ xCs sþxCm m þxCe3e3; ð4:6Þ
being
xCs ¼ m  z;mð Þ1 e3  _u;m 
s  z;mð Þ
s  z;sð Þ e3 
_u;s
 	
; ð4:7aÞ2 An ambiguous notation between the stress vector sa and the tangent vector s
appears here. Notice, that the former is followed by a Greek index.xCm ¼  s  z;sð Þ1 e3  _u;sð Þ; ð4:7bÞ
xCe3 ¼ s  z;sð Þ
1 m  _u;sð Þ: ð4:7cÞ
Applying property (2.11) in liaison with deﬁnition (4.6), the
time variation of the triad eCri can be explicitly evaluated:
_s ¼ x s ¼ xCe3m xCm e3; ð4:8aÞ
_m ¼ x m ¼ xCe3sþxCs e3; ð4:8bÞ
_e3 ¼ x e3 ¼ xCm sxCs m: ð4:8cÞ4.2. Domain virtual work along the boundary
The bending and torsion moments per unit reference length at
the boundary are given by
mCb ¼ mC  s and mCt ¼ mC  m: ð4:9Þ
With the aid of boundary moment deﬁnition from (3.16), property
(2.22) leads to
mCd ¼ mC  e3 ¼ mr  era
 
ma  e3ð Þ ¼ 0; ð4:10Þ
which reveals the absence of the drilling component mCd of the gen-
eralized boundary moment. The obtained identity is also useful to
show, that
smC ¼ m  e3ð Þ mC ¼ mCt e3: ð4:11Þ
The last two equations allow the generalized boundary moment to
be written as
mC ¼ mCb sþmCt m: ð4:12Þ
The absence of the moment mC component along vector e3 is
expected due to the core of the theory, which is derived from con-
ventional continuum mechanics principles, where tractions are
allowed as internal stresses but not moments, unless a Cosserat
continuum is considered Rubin, 2000. Indeed, boundary tractions
tm and ts contribute to bending mCb and torsion m
C
t resultants, as
shown in Fig. 2, while te3 does not produce any moment.
Rewriting the boundary pseudo-moments lCb in the boundary
coordinate system and referring to (4.7), we transform (3.17) into
dWC
r
int ¼
Z
Cr
lCt  du;s þmCb duþ nC  du
 
dCr ; ð4:13Þ
where we have deﬁned the following pseudo-tangent moment
lCt ¼ lCt e3 with lCt ¼  s  z;sð Þ1mCt ð4:14Þ
along with the variation of the rotation parameter
du ¼ m  z;mð Þ1 e3  du;m  s  z;sð Þ1 s  z;mð Þe3  du;s
 
: ð4:15Þ
Notice the correspondence of quantity (4.15) and the spin vector
component (4.7a) about tangent s, discussed above.
Further integration by parts of (4.13) along the boundary Cr ,
that in general case may be non-smooth, furnishes
dWC
r
int ¼
Z
Cr
rC  duþmCb du
 
dCr þ
Xnc
c¼1
rc  duc; ð4:16Þ
where the reaction per unit reference length on the boundary Cr is
deﬁned as
rC ¼ nC  lCt;s ð4:17Þ
and
rc ¼ slCt t ¼ lCþt  lCt ð4:18Þ
Fig. 3. Shell static boundary parameters.
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ners on the boundary Cr . In light of (4.14), we can conclude that at
the corners
rc ¼ rce3; ð4:19Þ
i.e. the concentrated forces are normal to the shell mid-surface in
the current conﬁguration, that is also a generalization of a well
known fact from the linear thin plate theory. A remark should be
done on the term ‘‘corner’’: jumps of the pseudo-torsion moment
lCt may arise not necessarily at a corner, but also on the smooth part
of the boundary Cr at the point, where an arbitrary static Crt or kine-
matic Cru boundary starts or ends.
Formula (4.17) states, that the reaction on the boundary is equal
not just to the cross-sectional force, but also includes the deriva-
tive of the pseudo-torsional moment — also a generalization of a
fact which is already known in the linear plate theory
(Timoshenko and Woinowsky-Krieger, 1959). The boundary inte-
gral (4.16) leads to an important statement, crucial for the pro-
posed theory: the boundary rotation can be unambiguously
described by means of a single kinematic parameter.
4.3. Static boundary conditions
Boundary integral (4.16) delivers the following static boundary
conditions:
rC ¼ rCrt and mCb ¼ mC
r
t
b on C
r
t ; ð4:20aÞ
rc ¼ rc at the corner points of Crt ; ð4:20bÞ
where the prescribed value of the effective boundary force is
rC
r
t ¼ nCrt  lCrtt;s: ð4:21Þ
Boundary force (4.21) incorporates the tangential derivative of the
deﬁned pseudo-torsional moment, which is evaluated in analogy
with (4.14) as
lC
r
t
t ¼  s  z;sð Þ1mC
r
t
t e3: ð4:22Þ
Concentrated forces at the corners of the static boundary (4.20b) are
given by
rc ¼ slC
r
t
t t ¼ lC
r
tþ
t  lC
r
t
t : ð4:23Þ
To impose static boundary conditions in form (4.20), one needs to
deﬁne (see Fig. 3)
(i) force nC
r
t , applied to the mid-surface trace on the boundary,
and
(ii) bending mC
r
t
b and torsion m
Crt
t moments, which can be joined
into the applied external moment vector, as followsmC
r
t ¼ mCrtb sþm
Crt
t m: ð4:24Þ3 Notice that the vectors n and m are not forces or moments, but they are vectors
along the boundary rotation axis.
4 The operator ‘‘skew’’ of a vector generates a skew-symmetric tensor, while for
tensors it delivers the skew-symmetric part of the argument.The static boundary conditions (4.20), due to their elegant form,
possess a clear physical meaning, but on the other hand have three
drawbacks:
(i) comparing to (3.13b), nonlinear corner forces require extra
manipulations to include them properly in the weak form,
(ii) the effective force contains the directional derivative lC
r
t
t;s
which, apart from its complexity, has another issue — the
pseudo-torsion moment lC
r
t
t is based on the normal part
xCm of the spin vector xC,
(iii) the energetically conjugate rotation parameter du is nothing
but the tangential part xCs of the same spin vector.The last two statements may reveal troublesome if the lineari-
zation of the weak form is required: the spin vector components
will deliver nonsymmetric nonlinear tensors, which corrupt the
symmetry of the resultant bilinear form.
To overcome the problem of nonsymmetry and also to omit the
explicit appearance of the external corner forces, the static bound-
ary conditions are directly extracted from (3.15):
nC ¼ nCrt and mC ¼ mCrt on Crt : ð4:25Þ4.4. Generalized boundary rotation
Despite the boundary integral (4.16) encloses the fact of sufﬁ-
ciency of the boundary rotation description by means of a single
scalar parameter, the parameter itself is still unavailable — only
its variation (4.15) was obtained. Since the variation corresponds
to the tangential component xCs of the spin vector xC, the follow-
ing conclusion regarding the physical meaning of the desired rota-
tional parameter can be drawn: it is nothing but the scalar rotation
angle about the tangent to the boundary in the deformed
conﬁguration.
At ﬁrst, the effective boundary rotation tensor is introduced:
QCe ¼ QCQCoT ¼ eCi  eCoi ; ð4:26Þ
where the initial rotation is
QCo ¼ so  sr þ mo  mr þ eo3  er3: ð4:27Þ
The Euler rotation vector hC on the boundary can be easily
extracted from the corresponding rotation tensor QCe by the
inverse Euler–Rodrigues formula (see Géradin and Cardona,
2001) as
hC ¼ h
sin h
m with h ¼ 2arcsin
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3 trQCe
4
s
; ð4:28Þ
where trQCe ¼ eCi  eCoi and
m ¼ axial skew QCe
  
¼ 1
2
eCi  eCoi ¼ sin hn ð4:29Þ
is the axial vector,3 whose skew-symmetric tensor4 is
M ¼ skew QCe
 
¼ 1
2
QCe  QCeT
 
: ð4:30Þ
Fig. 4. Gimbal system with non-orthogonal axes.
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inverted in order to recover derivatives u;a from hC. On the other
hand, the same rotation vector can also be presented as
hC ¼ hn; ð4:31Þ
i.e. as a rotation by an angle h about current axis n, which, therefore,
can be expressed as
n ¼ h
C
h
¼ m
sin h
: ð4:32Þ
The value of the rotation angle h is directly computed during extrac-
tion (4.28). In fact, in the following procedure the value of h itself is
not required, just the values of its basic trigonometric functions are
necessary, as shown below
sin h ¼ 1
2
keCi  eCoi k and cos h ¼
1
2
trQCe  1
 
: ð4:33Þ
If we assume that the physical meaning of the unknown bound-
ary parameter is a rotation about the tangent to the boundary, then
a well-known multibody dynamics algorithm (Wittenburg and
Lilov, 2003) can be applied to compute angle / for any deformed
spatial conﬁguration of the shell. The adopted methodology ini-
tially was developed for handling gimbal systems kinematics, see
Fig. 4. According to Wittenburg and Lilov (2003), an arbitrary rota-
tion h about a certain axis n can be decomposed into three consec-
utive rotations hi about a set of given axes ni. In general, vectors ni
are mandatorily non-coplanar but are allowed to be non-orthogo-
nal. However, in the current case only orthogonal axes are used, so
the original idea from Wittenburg and Lilov (2003) can be signiﬁ-
cantly simpliﬁed leading to the straightforward evaluation of the
boundary rotation angle / through the values of its trigonometric
functions
sin / ¼ C and cos / ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 C2
p
; ð4:34Þ
where
C ¼ n  e3ð Þ n  mð Þ cos h 1ð Þ þ n  sð Þ sin h
¼  m  e3ð Þ m  mð Þ
cos hþ 1 þ m  sð Þ: ð4:35Þ
Since the expression for sin / has no uncertainty due to sign, the
required angle is computed as
/ ¼ arcsin C: ð4:36Þ
Once the explicit form of computation of / is available, the
essential boundary conditions can be directly imposed as
u ¼ u and / ¼ / on Cru: ð4:37Þ
The boundary conditions (4.37) are general and, comparing to other
possibilities to be discussed in Section 4.5, the restriction / ¼ / can
be used in any case of boundary behavior regardless the boundary
displacement u or some of its components are prescribed or not.To complete the discussion on the introduced boundary rota-
tion parameter /, its variation is now being obtained. Variation
of the rotation angle h about axis n is based on expression (4.28)
with the aid of vector (4.29) and property (2.12):
dh ¼ 2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ trQCe
q ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3 trQCe
q CTam  du;a: ð4:38Þ
With the aid of skew-symmetric tensors ECi ¼ skew eCi
 
and
ECoi ¼ skew eCoi
 
the variation of cos h is directly computed from
(4.33), yielding
d cos h ¼ 1
2
eCoi  ECi Cadu;a
 
¼ CTam  du;a: ð4:39Þ
An attempt to derive the variation of sin h from (4.33) delivers a
rather complicated expression. To avoid the appearance of cumber-
some formulas, the following alternative is used throughout the
derivations
d sin h ¼ cos hdh: ð4:40Þ
The variation of vector (4.29) is also required, as follows
dm ¼  1
2
QCe  cos hþ 1
2
 	
I
 	
Cadu;a: ð4:41Þ
The variation of dot product m  t, for convenience, is simpliﬁed in
analogy with (4.41),
d m  tð Þ ¼ 1
2
ECoi E
C
i Cadu;a  t m  T Cadu;a
¼ CTaLt  du;a; ð4:42Þ
where the following tensor has been introduced
L ¼ 1
2
QCe  cos hþ 1
2
 	
I: ð4:43Þ
After the supplementary derivations have been performed, we
may easily proceed with the variation of the boundary rotation
angle (4.36),
d/ ¼ 1
cos/
dC ¼ 1
cos/
CTar  du;a; ð4:44Þ
where (4.34) has also been applied and the following vector was
deﬁned
r ¼ 1
cos hþ 1 L e3  m þ m  e3ð Þm
m  e3ð Þ m  mð Þ
ðcos hþ 1Þ2
m Ls: ð4:45Þ
Note that d/– du.
4.5. Special types of boundary conditions
The rotation description, proposed above, possess a single dis-
advantage: its variation (4.44) has a complex structure and lead
to relatively complicated expressions during the linearization pro-
cedure. Indeed, for some speciﬁc cases of kinematic restrictions, a
simpler and stricter way of evaluation of boundary rotation param-
eter is available. For some common boundary conditions the vari-
ation (4.15) may be simpliﬁed and an exact rotation angle formula
can be extracted from it.
4.5.1. Prescribed displacements
The ﬁrst case considered is when displacements are completely
deﬁned on the boundary. Most frequently arising in practice exam-
ples of this condition are (i) ﬁxed free to rotate (displacements are
set zero) and (ii) ﬁxed clamped edges (displacements and rotation
are set zero), see Fig. 5. However, the deductions to be done beyond
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rotation. Fixed edges are characterized by
u ¼ u; ð4:46Þ
that also leads to
_u ¼ o and _u;s ¼ o: ð4:47Þ
In view of (4.47), time variations of the boundary triad vectors (4.8)
are signiﬁcantly simpliﬁed to
_s ¼ o; _m ¼ xCs e3 and _e3 ¼ xCs m ð4:48Þ
and, therefore, the boundary rotation variation (4.15) degenerates
into
du ¼ m  z;mð Þ1 e3  du;mð Þ: ð4:49Þ
Provided the ﬁxed edge has certain number of corners, the
condition
uc ¼ uc ð4:50Þ
is also required.
If edges are not only ﬁxed, but also clamped, time variations of
unit boundary vectors _m and _e3 vanish, that in light of (4.48) leads
to
xCs ¼ 0 () du ¼ 0 and thus ð4:51aÞ
de3 ¼ o () e3 ¼ eo3 ¼ const: ð4:51bÞ
To fulﬁll conditions (4.51), the rotation parameter itself should be
expressed as
u ¼ m  z;mð Þ1 eo3  u;m
  ¼ u: ð4:52Þ
Since m  z;mð Þ1 – 0, the latter results into a simpler condition
a ¼ eo3  u;m ¼ a; ð4:53Þ
which is precisely the essential boundary rotation condition for the
clamped case. The variation of the introduced rotation parameter a
is
da ¼ d eo3  u;m
  ¼ mr  era eo3  du;a; ð4:54Þ
whose energetically conjugate pseudo-bending moment is given by
lCf ¼ m  z;mð Þ1mCb : ð4:55Þ
Notice that condition (4.46) can be used independently from (4.53),
while the latter can not be imposed if the former is omitted.
4.5.2. Sliding condition
A very widely used kinematic restraint for shells problems is
the symmetry condition. This restriction can be generalized into
the so-called sliding condition, where the symmetry plane is
replaced by the cylindrical sliding surface (see Fig. 6), whose direc-
trix is not mandatorily straight and can be of any shape. Once suchFig. 5. Fixed edges.surface is deﬁned, two zero conditions are set upon: (i) boundary
rotation and (ii) normal displacement to the sliding surface.
Consider now a unitary vector # deﬁned on the boundary,
which is orthogonal to the tangent vector s, i.e. #  s ¼ 0. Vector
# characterizes a sliding surface, being its normal. The surface
can be deﬁned having an arbitrary angle b to the shell mid-plane
in the initial conﬁguration, i.e.
#  m ¼ sin b and #  e3 ¼ cos b: ð4:56Þ
Thus vector # can be expressed by
# ¼ sin bm þ cos be3: ð4:57Þ
From (4.56) the angle b can be explicitly evaluated as
b ¼ arcsin #  mð Þ: ð4:58Þ
With the aid of (4.57) variations (4.8) yield
#  _s ¼ s  z;sð Þ1 #  _u;sð Þ; ð4:59aÞ
#  _m ¼ cos bxCs ; ð4:59bÞ
#  _e3 ¼  sin bxCs : ð4:59cÞ
In order to proceed, two extra conditions should be deﬁned on
the boundary
#  u ¼ 0; ð4:60aÞ
_# ¼ o: ð4:60bÞ
The ﬁrst expression is exactly the essential boundary condition
responsible for the sliding along the surface and the second one just
restraints the surface to be constant and also leads to
_#  m ¼ 0: ð4:61Þ
The condition (4.60a) means that the direction of the corresponding
boundary reaction force is known and deﬁned by the direction of
the normal #, i.e. rC ¼ rCn#, thus allowing us to rewrite the displace-
ments term of the boundary integral (4.16) as
rC  du ¼ rCn#  du ¼ rCn d #  uð Þ ¼ rCn dun; ð4:62Þ
where the energetically conjugate to rCn out-of-surface displacement
and its variation
un ¼ #  u and dun ¼ #  du ð4:63Þ
were introduced.
With the aid of (4.61) the time variation of (4.58) results in
_b ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 #  mð Þ2
q _#  m þ #  _m  ¼ xCs ; ð4:64ÞFig. 6. Sliding boundary conditions.
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the boundary rotation parameter u for this type of situation can
be evaluated as
u ¼ b bo ð4:65Þ
having the value of the angle b at the initial conﬁguration denoted
as bo.
Equality (4.64) means that the alternative rotation parameter
can be introduced in the boundary integral (4.16) by replacing
du by db the rotational term. Even further simpliﬁcations can be
performed if deﬁnition of angle b (4.58) is rewritten as
b ¼ arcsin c having c ¼ #  m ð4:66Þ
with corresponding variations
db ¼ 1
cosb
dc and dc ¼ #  dm: ð4:67Þ
The energetically conjugate pseudo-bending moment can then be
extracted from (4.16) as
lCb ¼
1
cos b
mCb : ð4:68Þ
Notice, that the rotation parameter c (as well as a) is no longer a
rotation angle, in contrast with the exploited above b and /, but a
dot product of two vectors. Although it can be easily converted into
b, it is preferable to use it in this form, since it simpliﬁes the line-
arization procedure.
Applying (2.12), the variation dc from (4.67) can be expanded as
dc ¼ #  dm ¼ CTa m  #ð Þ  du;a: ð4:69Þ
Conditions (4.60) are sufﬁcient to impose the sliding restraint,
when the boundary is allowed to move only within a certain sur-
face and rotation is not prescribed. In order to impose the symme-
try condition, (4.60) must be augmented with u ¼ 0 leading to
c ¼ co ¼ #  mo: ð4:70Þ
Since the symmetry surface and, therefore, # can be chosen in arbi-
trary way, co may have any initial value, which does not seem to be
problematic for the formulation. But the term m  #ð Þ from variation
(4.69) turns out to be sensitive to the initial position of vectors #
and mo, since, once mo ! #, their vectorial product m  #ð Þ ! o nul-
lifying the whole variation dc. This fact would not be signiﬁcant if
(4.69) was not used in the later imposition of kinematic boundary
conditions in a weak sense, since zero variation dc leads to numer-
ical singularities.
The observed issue may be easily resolved if another reference
vector q, perpendicular to tangent s and rigidly attached to the
shell mid-surface, is chosen to compute c instead of m. Such substi-
tution is correct since, physically, expression (4.70) with the aid of
vector m just describes the relative rotation about the boundary. In
order to generalize the choice of this vector, the following require-
ment is posed on its initial position:
#  qo ¼ 0; ð4:71Þ
which leads to a new expression for the parameter c
c ¼ #  q: ð4:72Þ
Therefore, for the initial conﬁguration, vector qo can be evaluated as
qo ¼ # so ¼ cos bmo  sin beo3 ð4:73Þ
and for the current conﬁguration as
q ¼ QCeqo: ð4:74Þ
Finally, the variation (4.69) of the rotation parameter takes form
dc ¼ #  dq ¼ CTaR#  du;a; ð4:75Þwhere R ¼ skew qð Þ. In the modiﬁed expression of dc the corre-
sponding vectorial product q #ð Þ never tends to zero value, elim-
inating future numerical problems.
In most practical cases of sliding boundary condition, the nor-
mal to the surface is collinear to the inplane mid-plane normal,
i.e. # ¼ mo. Another frequent type of boundary behavior — the sim-
ply supported case — is also covered by the derived expressions, if
the normal is deﬁned as # ¼ eo3 and the boundary rotation c is not
prohibited.
5. Complete weak form
A list of possible options for the imposition of the boundary
rotation and displacements, derived in Section 4, is now gathered
in Table 1. After generalization of the integral (4.16), the kinematic
boundary contributions enter then in the problem’s weak form by
means of term
dWkin ¼
Z
Cru
bqCru  ddC dCru þ Z
Cru
dbqCru  dC  dC  dCru
þ
Xnc
c¼1
brc  duc þXnc
c¼1
dbrc  uc  ucð Þ; ð5:1Þ
where a vector of boundary unknowns dC can be formed in various
ways combining variables from Table 1 according to theirs limita-
tions, i.e
dC ¼ u or un
a or c or /
 
ð5:2Þ
along with the energetically conjugate vector of boundary reactions
bqCru ¼ brCru or brCrunblCruf or blCrub or blCrup
" #
: ð5:3Þ
Notice that vector (5.3) redeﬁnes bqCru , initially introduced in
(3.11). The kinematic boundary integral (5.1) contains not only
the contribution of the reactions arising on the essential boundary
to the total the external virtual work, but also imposes the
kinematic boundary conditions themselves in a weak sense by
the augmented terms (second and fourth). In (5.1) vector dC con-
tains the prescribed values of the boundary kinematic parameters
and uc is the prescribed value of displacements at the corners of
the essential boundary.
According to (4.19) the unknown corner reactions brc should be
collinear with e3. However, (5.1) does not contain this information
and it may affect the quality of the results. To guarantee that brc
obeys equality (4.19), the latter should be wrapped into the
conditionbrc  ec ¼ 0; ð5:4Þ
that can be explicitly added in a weak sense through the control
term:
dWcnt ¼
Xnc
c¼1
d kc brc  ec  ; ð5:5Þ
where kc are the control Lagrange multipliers. Applying property
(2.12), we may expand weak term (5.5) as
dWcnt ¼
Xnc
c¼1
dkc brc  ec þXnc
c¼1
kc dbrc  ec 
þ
Xnc
c¼1
kc C
T
aEcbrc  du;a : ð5:6Þ
The ﬁnal expression of the complete augmented weak form is
given by the following hybrid functional:
Table 1
Kinematic boundary parameters.
Parameters
Rotation Displacement
a c / u un
Evaluation a ¼ eo3  u;m c ¼ #  q / ¼ arcsin n  e3ð Þ n  mð Þ cos h 1ð Þ þ n  sð Þ sin hð Þ u un ¼ #  u
Variation da ¼ eo3  du;m dc ¼ CTaR#  du;a d/ ¼ 1cos/CTar  du;a du dun ¼ #  du
Energetically conjugate variable lCf ¼ m  z;m
 1mCb lCb ¼ 1cos bmCb lCp r rn ¼ #  r
Limitations de3 ¼ o
du;s ¼ o
d# ¼ o
#  u ¼ 0 No No d# ¼ 0
Fig. 7. L-cantilever beam problem.
Fig. 8. Pull-out of an open cylinder.
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term dWcnt for corners is (5.6), the applied domain (see Section 3.2)
and boundary (see Section 4.3) loads are gathered intodWsta ¼
Z
Xr
qX
r  ded dXr þ Z
Crt
qC
r
t  ded dCrt : ð5:8Þ
The constructed weak form is suitable for both interpolative
(e.g. Finite Elements) and non-interpolative (e.g. Moving Least
Squares) approximations thanks to the weak imposition of theessential boundary conditions. Moreover, further linearization of
(5.7) guaranties recovering of the symmetric bilinear form (pro-
vided the applied loads are of conservative nature).6. Numerical examples
The designed boundary conditions are now brieﬂy illustrated by
a couple of numerical examples, where a ﬁrst-order Generalized
Moving Least Squares (Atluri et al., 1999) technique with cubic
basis was used as an approximation tool. The kinematic constraints
were directly imposed by means of Lagrange multipliers in a weak
sense, as described on the previous section.
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Consider an L-shape cantilever, shown in Fig. 7(a) and subjected
to a concentrated force with magnitude P ¼ 7  106k, applied at the
corner point on the direction of vector p ¼ ½0 1 1. Only a half
of the cantilever was modeled, discretizing it with 25 particles,
clamping one side and applying the symmetry condition c ¼ 0 with
the aid of the sliding surface with normal # ¼ ½0
ﬃﬃﬃ
2
p
=2
ﬃﬃﬃ
2
p
=2
along the other. As can be seen in Fig. 7(b), where the complete
deformed shapes for some load-steps are depicted, the symmetry
is perfectly preserved.
This example also conﬁrms the importance of corner con-
straints. If a pointwise Lagrange multiplier is not added at the cor-
ner C to restraint displacement along the sliding surface normal #,
the deformed shape is clearly incompatible and defects are appar-
ent at the corner — compare deformed conﬁguration of the corner
point in Fig. 7(b), where the results are obtained with and without
the explicit imposition of the corner restraint.6.2. Pull-out of an open cylinder
Another test is a classical open cylinder pulled by two diamet-
rically opposite point forces P as shown in Fig. 8(a). Only an octant
of the shell was modeled with 176 particles imposing symmetry
conditions along three of its sides. For the sake of variety different
kinematic parameters were applied on each of them:
(i) sliding surface condition along boundary AB with
# ¼ 0 1 0½  and c ¼ 0,
(ii) sliding surface condition along boundary CD with
# ¼ 0 0 1½  and c ¼ 0,
(iii) generalized boundary rotation parameter / ¼ 0 and dis-
placement u1 ¼ 0 along boundary DA.
The complete deformed shape for the ﬁnal load-step, depicted
in Fig. 8(b), reveals excellent symmetry representation by all the
applied boundary conditions. The load–displacement curve from
Fig. 8(c) shows good agreement of the solution with the reference
results (Sze et al., 2002).7. Conclusion
We have presented a complete geometrically exact thin shell
model, which is derived from general 3D continuum mechanics
principles through imposition of the Kirchhoff–Love kinematic
assumption. Energetically conjugated generalized cross sectional
stresses and strains are derived from the ﬁrst Piola–Kirchhoff ten-
sor and the deformation gradient, respectively. The proposed
description permits the use of any material model, once a genuine
plane-stress condition is enforced by vanishing the true mid-sur-
face normal stress, yet rendering a symmetric linearized weak
form. The initial mapping from the reference conﬁguration, that
is chosen to be plane, delivers a convenient formulation of the the-
ory and with the aid of objective back-rotated counterparts of the
internal static and kinematic quantities releases the model from
the use of covariant and contravariant bases.
Special attention was given to the imposition of kinematic
boundary conditions. The appearance of a speciﬁc boundary rota-
tion parameter was carefully explained within this theory. A set
of quantities was proposed to deﬁne the boundary rotation: a gen-
eral parameter, applicable for arbitrary spatial conﬁgurations, and
some particular ones, relevant for the most commonly used cases,
like ﬁxed boundary and symmetry conditions.
The theory naturally handles pointwise reactions, arising at the
corners of kinematic boundaries. These contributions can not beneglected and demand special treatment if the essential boundary
conditions are imposed in a weak sense. The obtained ﬁnal hybrid
weak form is suitable for various approximations, regardless
whether the Kronecker-delta property is satisﬁed or not — the only
essential requirement is C1 continuity.
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